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Abstract

The stock market is one of the most important sources
for companies to raise money. The prediction of stock
prices has always been a challenging task. Investors
are always in search of profitable trading strategies
which provide accurate trading signals. Pair trading
is an investment strategy of matching a long position
(buy) with a short position (sell) in two historically
correlated stocks. In pair trading, the use of correlation
or co-integration as a dependence measure is central.
Some traditional techniques also assume symmetric
distribution of data along the mean zero. However, in
case of financial assets the occurrence of symmetric
distributions is very rare and, hence, the use of these
technigues may lead to erroneous results. Copula is a
relatively new pair trading technique which describes
dependence structures for linear and non-linear
distributions without making rigid assumptions. Copula,
thus, overcomes the shortcomings of traditional pair
trading techniques and gives accurate trading signals.
This paper is a study of different types of copulas and
their application in finance to fit different types of data.
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1. Introduction

Pair trading is an investment strategy. It was developed
to generate significant and consistent returns while
controlling risk. It is a market neutral strategy meant to
generate profit regardless of whether equities rise or fall.

Vahida Z. Attar****

The strategy of matching a long position (buy) with a
short position (sell) in two historically correlated stocks is
known as pair trading. The buying of a security such as a
stock with the expectation that the asset will rise in value
is known as long position whereas the sale of a borrowed
security with the expectation that the asset will fall in
value is known as short position.

The temporary weakening of correlation between the
two paired stocks is the point of interest in pair trading.
This can be caused by temporary changes in demand
and supply or large buy and sell orders for one of the
paired stocks. The divergence between paired stocks can
also be caused due to one company being in the news
for some important reason. Pair trading takes advantage
of this temporary mispricing of the assets and hence,
categorized as statistical arbitrage trading strategy. In
this scenario, one stock is observed to go up while the
other stock is observed to fall. Pair trading involves going
short on the outperforming stock and going long on the
underperforming one with the expectation that the paired
stocks will converge over time. Hence, pair trading is a
convergence trading strategy (Stander, Marais & Botha,
2013). For example, consider two companies A and B
belonging to the same sector. Ideally, both Aand B should
observe similar rise or fall depending on their demand
in the market. However, if the price of stock A were to
go up significantly while B observed no change, the pair
trading strategy would suggest buying stock B and selling
stock A. If the price of stock B rose to close that gap in
price, the trader would make money on stock B, while if
the price stock A fell, he would make money on having
shorted the stock A. Pair trading is thus a mean-reverting
strategy with the expectation that prices will eventually
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return to their historical trends. It is a market-neutral
strategy which helps reduce the market risk. Even if the
market plummets on a particular day and the two stocks
move down with it, the trade results in a gain on the short
position and a loss on the long position which is negated
thus leaving the profit close to zero in spite of the large
move.

Overview

Copula is a statistical measure that represents a
multivariate uniform distribution. It examines the
association or dependence between random variables.
Copula is a mathematical tool that can be used to solve
many financial problems. However this concept wasn’t
used in finance till the late 1990s. The notion of copula
was first introduced in Sklar’s Theorem which states that
any multivariate joint distribution can be written in terms
of univariate marginal distribution functions and a copula
which describes the dependence structure between the
variables (Salinas-Gutirrez et al., 2010).

For example, let H (x, y) be a joint distribution of two
random variables X and Y with marginal distribution
functions F and G. Then there exists a copula C such that

H(x, y) = C(F(x), G(y))

The converse also holds true. For any univariate
distribution functions F and G and any copula C, the
function H is a two-dimensional distribution function
with marginal F and G. If F and G are continuous, then C
is unique. Practical advantage of copula-based approach
to modelling is that appropriate marginal distributions for
the components of a multivariate system can be selected
freely, and then linked through a suitable copula. That
is, copula functions allow one to model the dependence
structure independently of the marginal distributions. In
pairs trading, the assumption of and the use of correlation
or co-integration as a dependence measure are central.
Some traditional techniques also assume symmetric
distribution of data along the mean zero. However, the
occurrence of non-linear distributions is quite frequent in
financial assets. Negative skewness and/or excess kurtosis
are also observed. This results in lower and upper tail
dependencies. Outside the world of elliptical distributions,
the use of linear correlation coefficient as a dependence
measure is erroneous and may lead to misleading results.
This may trigger wrong trading signals and may fail to
recognise profit opportunities. Copulas are much more
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realistic. A significant shortcoming which they overcome
is the non-assumption of normal distribution for all types
of data and the use of different dependence measures
other than the linear correlation coefficient. Copula can
be applied regardless of the form of marginal distribution
thus providing much more robustness and flexibility in
practical applications. Modelling asset returns is one of
the most important problems in finance. Copula provides a
powerful framework for describing dependence structures
without rigid assumptions. Copula measures lower and
upper tail dependencies, considers linear and non-linear
relationship and results in far richer set of information
with the shape and nature of dependency between the
stock pairs. Copula is invariant under strictly monotonic
transformations and hence the same copula is obtained
regardless of the form of data i.e. price series and price
series when converted to return series have the same
copula. The two main steps involved in the pair trading
with copula technique is the selection of an appropriate
copula for the stock pairs and identification of trading
opportunities and relative positions between stock pairs.
This separation of procedure is important as it provides
greater flexibility and the analyst can use different
marginal distributions to resolve the diversity in financial
risks (Ane & Kharoubi, 2003). Decomposing the joint
distribution into individual marginal distributions and a
copula helps as it allows for the construction of better
models of the individual variables than would be possible
if only explicit multivariate distributions were considered.
Applying the best-fitting marginal distribution ensures
that all information regarding the dependence structure
between random variables are accurately captured before
estimating its joint distribution without rigid assumptions
(Aas, 2004; Liew & Wu, 2013).

Types of Copula

Consider the two well-known parametric families of
copula: Elliptical copula, Archimedean copula

Elliptical Copula

Elliptical copulas are those relating to elliptical
distributions. They are also known as implicit copulas.
These copulas follow linear dependence structure. The
linear correlation coefficient is used to measure their
linear dependence. They do not have simple closed forms
but are extracted from multivariate distribution functions
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using Sklar’s theorem. The asset returns which are well Fig.1: Normal Distribution with Shaded Area
represented as elliptical distributions belong to elliptical Representing P(X <= Xx)

copulas. Most common elliptical copulas are Gaussian
and Student-t copulas.

(1) Normal Copula: Normal copula or the Gaussian
copula is the copula of the multivariate normal
distribution. The distribution of a normal random
variable with mean 0 and variance 1 is called
standard normal distribution. It is a bell shaped
curve. Normal copula Cp(u, v) is given as

o1 o1 1 xr - 2xy+y2}
Lol osi s exp{ 20-p9) 4

The formula for P(U < u|V =v) is given as

@ ({D_] (u) — 0D~ (r,r}) o . .

V1=

The formula for P(V < v|U = u) is given as ®7(u) is the inverse of the standard univariate
1 1 Gaussian distribution function. It gives the z value
O O™ (v) — 0D~ (u) corresponding to which lies an area of u to the left in
m the normal probability curve.
@ Here (2) T Copula: T distribution is a type of elliptical
' distribution. It is a bell shaped curve and is similar
¢ is cumulative distribution function and @ is the cor- to normal distribution. However, it is more variable

relation coefficient given as as T values depend on fluctuations of two quantities

nEX;y;—XX;2Y; x (mean) and s (Sample Variance) whereas the z
]/' =
xy values depend only on the changes of x from sample
nEs? = (2, JnZ 2 — (2 ) P y g P

to sample. The variance of T depends on the sample
size n and is always greater than 1. For n > 30 the
distribution of T does not differ much from the
o ) ) standard normal distribution and the T copula also
0= —1 indicates perfect negative correlation converges to normal copula (Fig. 2).

For a random variable X cumulative distribution Fig.2: Student-T Distribution with V Degrees
function is given by F(x) = P(X < x) which is the of Freedom

probability that X takes a value less than or equal 04r
to x. For continuous distributions, like in the case
of normal distribution, it gives the area under the
probability density function from —e to x. All obser- 03t - V=)
vations of any random variable X can be converted - py=9
to observations of a normal random variable Z with s
mean 0 and variance 1. This can be done by 0zl

z=(x-Ww)o

6 =1 indicates perfect positive correlation
6 =0 indicates no correlation

03| — =30

When X takes the value x, Z will take the value z
given by the above formula. This z when looked up 01t
in the normal probability table gives the area under
the curve to the left of z (Fig. 1) which is the prob-
ability of finding random variable X less than or 0 ‘ ' ' L '
equal to x (Walpole et al., 2005). : : : :

nost




Formula for T copula Cp,v(u, v) is given as

i i 1 1 x*=2xy + y? _(v+2)/2d p
Lol 2n(1—p2>“2{ ") } o
In contrast with the Normal copula, Student-T copula can
model tail dependence. It allows for joint fat tails and an
increased probability of joint extreme events compared
with the Gaussian copula. Two parameters namely linear
correlation and degree of freedom are used to capture
the correlation between the risk classes. Increasing the
value of degree of freedom decreases the tendency to
exhibit extreme co-movements. Hence, Student-T copula
is generally considered a better solution to model the
dependence structure for operational risk data.

The formula for P(U <u|V =v) is given as

P 0, +1 % fe_11 = 0,00, —1(v)
o1 ,/
0+ fg — 1(v)° \1-63

The formula for P(V < v|U =u) is given as

t+1/ 0+l 1o ()= 0yt —1(1)
01
0+ fg; — 1()? \1-63

Here,

0, is the degree of freedom which is given as sample size-1
0, is the linear correlation coefficient

to1(T) - gives the area o under the T distribution curve to
the left of the T value for 6, degrees of freedom

T=%—u/(S/Nn)

t;i(u) is inverse of the standard univariate Student-T
distribution with 6, degrees of freedom, expectation 0 and
variance 0, / 01 —*

It gives the T value that leaves area o to the left, as shown
in Fig. 3, where o = tg,(u)

The standard bivariate Student-T distribution has a
disadvantage that both the marginal distributions must
have the same tail heaviness which may not be true for
stock returns. It does not account for asymmetries in
data. Hence, we need to study another class of parametric
copulas which is the Archimedean copulas.
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Fig.3: T Value that Leaves Area A to the Left

Archimedean Copula

One of the key disadvantages of elliptical copulas is that
they do not have closed form expressions. Archimedean
copulas, on the other hand, are not derived from
multivariate distribution functions but admit an explicit
formula. They are also known as explicit copulas.
Archimedean copulas have non-elliptical distribution and
follow non-linear dependence structure. They describe
stronger dependence between extreme data. They can
model dependence with only one parameter monitoring
the strength of dependence even in high dimensional
cases. They make use of Kendall’s Tau for calculating
dependency. Although restrictive for higher dimensional
cases, they fit bivariate return distributions extremely
well. As the project demands analysing stocks in pairs,
only bivariate distributions are generated and the use
of Archimedean copulas is completely justified. Most
common Archimedean copulas are the Clayton, Gumbel
and Frank copulas.

Kendall’s Tau

Kendall‘s Tau coefficient is a statistic used to measure
of the strength of dependence between two quantities. It
reflects the association between the two quantities when
ranked by each of the quantities. Consider two samples X
and Y each of size n and each containing distinct elements.

Let X = {Xq, Xy, X3, ... Xy @NA Y = {y4, Yo, Y3, -ees Yo}

(X1, Y, (X5, Vo), (X3, Y3), weee (X, Y, are the joint set of
observations for X and Y .
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The total number of possible pairings between the
observations of X and Y is n"(n — 1)/2

The Kendall‘s Tau coefficient is defined as

7= (number of concordant pairs)— (number of discordact pairs)

%n(n—l)

where,

apair (;, yi),(X;, y;) is concordant if (x; > x; and y; > y;) or
(x; <xjand y; <yj);

apair (x;, yi), (%5, y;) is discordant if (x; > x; and y; <y;) or
(xi <xjandy; > ;)

As the denominator represents the total number of
possible pairs, the value of Kendall‘s Tau should lie in
between -1 <t>1.

Properties of Kendall’s Tau:

(1) Kendall‘s Tau value of 1 indicates positive associa-
tion between the two quantities

(2) Kendall‘s Tau value of -1 indicates negative asso-
ciation i.e. one ranking is the reverse of the other
(3) Kendall‘s Tau value of 0 indicates no association i.e.
the two quantities are independent of each other
For example

S. No. X Y
1 10 11
2 12 09
3 18 15
4 20 04
5 11 19

Consider the pair (x;, y;) and (x,, y,)

(x4, y1) = (10, 11)

(X2 Yo) = (12, 09)

As 10 < 12 and 11 > 09, (X4, y;) and (x,, y,) forms a
discordant pair.

Now consider the pair (x;, y;) and (X3, Y3)

(x4, y1) = (10, 11)

(X3, Y3) = (18, 15)

As 10 < 18 and 11 < 15, (x4, Y1) and (X3, y,) forms a
concordant pair.

Continuing in this way, 10 pairs can be formed. In this
example, the total number of concordant pairs is 3 while
the number of disconcordant pairs is 7.
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Therefore, Kendall‘s Tau is 3—7/10 = —0.4. We have
considered only distinct values in the above example.
However, if the elements of X or Y are not distinct, Tau-b
is used to calculate association. Consider that the fourth
element of X is 18. Here, for the pair (X3, Y3) and (X4, Y,),
X3 =X, =18.

Hence, the above pair is neither concordant nor discordant.
For such cases Kendall‘s Tau is defined as
Ne — Ny

\/(ﬂﬂ - ﬂl)(ﬂn - ﬂz)

Tg —

where,

N, = Number of concordant pairs

ng = Number of discordant pairs
Ng=n*(n-1)/2

ng =t* (t,—1)2

where, t, is the number of tied elements in x
n, =t* (t, — 1)/2

where, t, is the number of tied elements in y. In this
example, t, =2 (as 2 of the 5 values are same) t, =0 (as no
same values for y) n; = (2 * 1)/2 = 1 n, = 0 denominator
=10 - 1)(10—0)=VO9r10) =948 =p 1B =(3 —
6)/9.48 = —0.3162. Kendall‘s Tau measures the degree
of monotonic dependence between the two samples and
is invariant under monotone transformations. Linear
correlation, on the other hand, measures only the degree
of linear dependence and is generally not invariant under
monotone transformations.

(1) Clayton Copula: Clayton copula is an asymmetric
Archimedean copula. It exhibits greater dependence in
the negative tail than in the positive and is defined as

Co(u,v)= (max{u™ + vO-1; 0})—1/9

The formula for P(U <u|V =v) is given as
1
- - - ——1
" {I'J+1}(H tl " t 1) 1]

he formula for P(V < v|U = u) is given as
1
—{ i+ — — -1
u Y ”(H ”—i—v v _ 1)

Here, the parameter 6 defines the degree of dependence
between the variables using Kendall‘s Tau and can be
givenas 6=2*1/1-1

Be [~ 1, +e)\{0}

6 = = indicates perfect dependence (Vose Software TM)



Clayton copula produces a tight correlation at the low
end of each variable. It interpolates between perfect
negative and perfect positive dependence (McNeil, Frey,
& Embrechts, 2005).

(2) Gumbel Copula:Gumbel distribution is used to model
the distribution of maximum or minimum of a number of
samples of various distributions. If the maximum close
price of each year of a stock is given then the gumbel
distribution represents the distribution of the maximum
closing price of the stock in a particular year.

Gumbel copula is an asymmetric Archimedean copula. It
can model tail dependence. It exhibits greater dependence
in the positive tail than in the negative and is defined as

Co(u, v) = exp(—((~log(u))® + (~log(v))*)"'*)

The formula for P(U < u|V =v) is given as

( 1- e) 1
Co (u, v) *[(—=Inu)® + (= Inv)® 1 O /(= Inv)®~ 1%~
v

The formula for P(V < v|U =u) is given as

(l - 6) 1
Co(u, V) *[(=Inu)® + (= 1nv)°1" O /% (=lny)® ™" * —
u

Here, the parameter 6 defines the degree of dependence
between the variables using Kendall’s Tau and can be
given as

0=1/1-1

e [1, +oo)

0 = « indicates perfect dependence

6 =1 indicates independence

It produces more correlation at the two extremes of the

correlated distribution but has its highest correlation in
the maxima tails (Soprano et al., 2010).

(3) Frank Copula: Frank copula is an asymmetric
Archimedean copula. It is defined as

(exp(—6u) —1)(exp(6v)— 1)J
exp(—0) -1

Ce(u,v)=$(1+
The formula for P(U < u|V =v) is given as
E—UU(E—UH _ 1)
(T — 1)+ (™ — 1) ™ — 1)

The formula for P(V < v|U = u) is given as
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E—UH(E—UU _ 1)
(E_” _ 1}_|_ (E_”” _ 1}(1!’_”” _ 1}
Parameter 6 is given by [D1 (6)-1]/6=1-1t/4
[Dlr:ﬂ:'_ 1—] _1-7
& 4
D1(6) is Debye function with n = 1.
Debye function is given as

n & t"
Do(a) = [ .

Each of the above mentioned copula have their own set of
advantages and disadvantages. Hence, choice of copula
forms an important step. Selection of the best copula can
be made by maximizing the likelihood function value.

e [—oo, o)\ {0}

Information Criteria

As mentioned earlier, the two main steps involved in the
pair trading with copula technique are selection of an
appropriate copula for the stock pairs and identification
of trading opportunities and relative positions between
stock pairs. Visually, the type of distribution (normal,
student-t, clayton, gumbel, frank) into which the data fits
can be determined by plotting the graphs and selecting the
corresponding copula of the distribution which resembles
the graph. However doing this computationally is not
possible and some other methods other than visual aids
are required.

The Chi-Squared, Kolmogorov-Smirnoff and Anderson-
Darling are some of the goodness of fit statistics.
They describe how well a statistical model fits a set of
observations.

Although very popular, the above models are restricted to
data with precise observations and are not useful for cen-
sored or truncated data. Hence, they are all inappropriate
as a method of comparing fits of distributions to data. For
important work, information criteria are used.

Information Criterion is a test which helps in selection of
a model which that adequately fits data. We look at the
following three commonly used information criterion.




20 I International Journal of Knowledge Based Computer System

(1) Akaike Information Criterion (AIC): It gives a
measure of the relative quality of a statistical model for a
given set of data. It offers an estimate of the information
lost when a given model is used to represent data.

AIC =2 * k —2In[Lmax]
where,

k =number of parameters to be estimated (e.g. the Normal
distribution has 1: linear correlation, Student-t distribution
has 2: linear correlation and degree of freedom)

Lmax = the maximized value of the Likelihood (fit the
parameters by MLE and record the natural log of the
Likelihood) for the estimated model.

In practice, the AIC values of all candidate models are
found using the above formula. The model with the
lowest AIC value is the model with lowest information
loss and is selected as the model which fits the data to the
nearest. As K is the number of parameters, an increase in
k increases the value of AIC. Hence, AIC not only values
goodness of fit but discourages overfitting i.e. having too
many parameters relative to the size of data.

(2) Bayesian Information Criterion (BIC): BIC is a
criterion for model selection among a finite set of models.
It is also known as Schwarz information criterion(SIC).

SIC = In[n]k — 2In[Lmax]

where,

n =number of observations (e.g. data values, frequencies)
k = number of parameters to be estimated (e.g. the

Normal distribution has 1: linear correlation, Student-t
distribution has 2: linear correlation and degree of
freedom)

Lmax = the maximized value of the Likelihood (fit the
parameters by MLE and record the natural log of the
Likelihood) for the estimated model.

Similar to AIC, the BIC values of all candidate models are
found using the above formula. The model with the lowest
BIC value is selected as the model which fits the data
to the nearest. An increase in the number of parameters
increases the value of likelihood (second term) but results
in overfitting. Like AIC, BIC also penalizes overfitting,
albeit more strongly with the first term of the expression.
Thus, BIC discourages increase in complexity where
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complexity refers to number of parameters in a model.

(3) Hannan Quinn Information Criterion (HQIC):
HQIC is also a criterion for model selection. It is an
alternative to AIC and BIC.

HQIC = 2In[In[n]]k — 2In[Lmax]

where,

n =number of observations (e.g. data values, frequencies)
k = number of parameters to be estimated (e.g. the
Normal distribution has 1: linear correlation, Student-

t distribution has 2: linear correlation and degree of
freedom)

Lmax = the maximized value of the Likelihood (fit the
parameters by MLE and record the natural log of the
Likelihood) for the estimated model. Similar to the above
two information criteria, the HQIC values of all candidate
models are found using the above formula. The model
with the lowest HQIC value is selected as the model which
fits the data to the nearest. Any one of the above criteria
can be used to find the model which adequately fits the
data. It can be observed that the above three formulae are
closely related and all three of them employ the usage of
maximum log likelihood.

D. Maximum Likelihood Estimation:

As the name suggests, the method of maximum likelihood
is that for which the likelihood function is maximized.
It provides an estimate to the parameters of the model.
Likelihood is hypothetical probability in which the event
which has already occurred is considered to yield a
particular outcome. Probability and likelihood although
used interchangeably are somewhat different. Probability
refers to the occurrence of future events whereas likelihood
refers to past events with known outcomes. For example,
if a fair coin is tossed three times then probability is used
to find if we get a head each time whereas if the coin
was flipped three times and we got a head each time then
likelihood is used to tell if the coin is fair. The probability
of getting certain outcomes x given the parameter 6 is the
likelihood of that parameter 6 given the outcomes x.

P(x|6) = L(6Ix)

Given independent observations X;, Xy, Xz, ... X, of
probability density/mass function f(x; 6) then the
maximum likelihood estimator is the one which maximizes
the likelihood function



= f(x4, 6) * f(x,, 0) * (X3, ) * .....*f(x,,, 6)
= P(Xy = Xq, X5 = Xp, X3 = X3, ooty Xy = X, 6)

which is the probability of obtaining the sample values

For example, consider that three items are inspected to
check whether they are defective or non-defective. Testing
them results in two non-defective items followed by a
defective item. To find the proportion p of non-defective
items, the likelihood is given by

prpr(l—p)=p°—p°

Maximum likelihood estimation would give an estimate
of p for which the likelihood is maximized. If we
differentiate the above expression and set the derivative
to zero, we get

p=2/3

So MLE is the reasonable estimator of a parameter based
on sample information which is the parameter value that
produces the largest probability of obtaining the sample.
Many times it is convenient to work with the natural log
of the likelihood function for finding the maximum of the
likelihood function. The only change in this approach is
to find natural logarithm of likelihood function before
finding its derivative and setting it to zero.

Conclusion

Pair trading can seek profits from the difference in price
change between two related instruments when the pairs
are appropriately formed. The copula function instead
of assuming normality of financial data, describes the
dependency between the two instruments by relating the
joint distribution with their most appropriate marginal
distributions. Thus use of copula for implementing pairs
trading exhibits high profits.
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